Realization of arbitrary single-qubit gates through control of
  spin-orbit couplings in semiconductor nanowires by Gong, S. J. & Yang, Z. Q.
ar
X
iv
:c
on
d-
m
at
/0
60
43
46
v1
  [
co
nd
-m
at.
me
s-h
all
]  
13
 A
pr
 20
06
Realization of arbitrary single-qubit gates through control of spin-orbit couplings in
semiconductor nanowires
S. J. Gong and Z. Q. Yang[*]
Surface Physics Laboratory (National Key Laboratory), Fudan University, Shanghai, 200433, China.
We propose a theoretical scheme to realize arbitrary single-qubit gates through two simple device
units: one-dimensional semiconductor wires with Dresselhaus spin-orbit coupling (SOC) and Rashba
SOC, separately. Qubit information coded by the electron spin can be accurately manipulated by
the SOC when crossing the semiconductor wire. The different manipulative behaviors in Dresselhaus
and Rashba wires enable us to make the diverse quantum logic gates. Furthermore, by connecting the
Dresselhaus and Rashba units in series, we obtain a universal set of single qubit gates: Hadamard,
phase, and pi/8 gates, inferring that an arbitrary single qubit gate can be achieved. Because the
total transmission is satisfied in the two device units, all the logic gates we have obtained are lossless.
In addition, a ballistic spintronic switch is proposed in the present investigation.
PACS Numbers: 71.70.Ej, 85.35.Be, 03.67.-a
Quantum logic gate is the basic building block of quan-
tum computer, which has attracted considerable atten-
tion recently. A variety of physical implementations have
been proposed to realize the quantum gates [1, 2, 3],
among them the solid-state (especially nanoelectronic)
implementations, are regarded to be one of the most
suitable candidates to realize truly large-scale quantum
computer in reality. Meanwhile, the qubit information
coded by the spin degrees of freedom in solid-state sys-
tem, is believed to be much more robust and stable than
charge qubit, for having relatively long coherence time
[4, 5]. Based on these two considerations, a large class
of spin-based logic gate schemes have been proposed in
semicondutor nanostructures, mainly in semiconductor
quantum dots [3, 5, 6]. The one and only exception is
the scheme presented by Fo¨ldi et al [7], who first con-
cretely designed the spintronic single-qubit gates using
one-dimensional semiconductor rings, based on the fact
that the precession of the eletron spin can be accurately
manipulated by the Rashba spin-orbit coupling (SOC) [8]
without the requirement of external magnetic field [9, 10].
It is thus feasible in principle to carry out all-electrical
quantum computation in future [11]. However, the func-
tions of the logic gates they proposed were tuned a little
bit complicated by changing both the external electric
field and the geometries of the units. That is, in addition
to the relatively easy tuning of Rashba SOC by electric
field, several rings with different sizes and different ge-
ometry angles must be fabricated, which greatly reduces
the flexibility and unitary of the device assemble.
Except the Rashba interaction, there is another typical
SOC, i.e. Dresselhauls SOC [12] exiting in the semicon-
ductor sample, which appears as a result of bulk [12] and
interface [13] inversion asymmetries. Its strength had
been considered not to be tuned as conveniently as that
of Rashba interaction. Recent theoretical [14] and exper-
imental [15] work showed the Dresselhaus spin splitting
could be effectively adjusted via strain existing in the
structure. Schliemann and Loss [16] predicted that the
Dresselhaus coefficient in a quantum well might also be
conveniently altered by an electric field. Therefore, it is
possible to carry out practical ways in experiments to
control the strength of Dresselhaus interaction.
In the present work, we propose a theoretical scheme to
implement a universal set of single-qubit gates in semi-
conductor nanowires, based on both Rashba and Dres-
selhaus SOCs. The basic device units are two quasi-
one-dimensional electron gas (1DEG) systems with ei-
ther Dresselhaus or Rashba SOC, sandwiched between
two leads. We find both the Dresselhaus and Rashba
units can serve as lossless quantum gates, but the prop-
erties of the gates are different resulting from the different
SOC mechanisms. By connecting the two device units in
series, a universal set of single-qubit gates: Hadamard,
phase, pi/8 gates [1], can be implemented, inferring an ar-
bitrary single qubit gate can be obtained in our scheme.
The important arbitrary phase gate [1] can be obtained
by tuning the strength of Dresselhaus interaction, which
can greatly optimize the circuits when building quantum
computer. In addition, a ballistic spintronic switch is
suggested.
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FIG. 1: The geometries of two device units of single-qubit
gates made from Dresselhaus (above) or Rashba (below)
SOCs. ML and MR represent the left and right electrodes,
respectively.
Figure 1 shows the schematics of the two device units:
2Dresselhaus-type (above) and Rashba-type nanowires
(below). When the cross-section of the nanowire is suffi-
ciently small, only electronic motion in the longitudinal
direction is of interest, i.e., the system becomes quasi-
one-dimensional [17]. The SOC region along x direction
is sandwiched between two leads. An electron wave is
injected from the left lead to the right one crossing the
middle SOC region. The Schro¨dinger equations in the
three regions are solved separately. The Hamiltonians
in the Dresselhaus- and Rashba-type nanowires can be
respectively described by
HD = −
~
2
2m∗
∇2x −
αD
~
σxpx + U [δ(x) + δ(x − lD)],(1)
HR = −
~
2
2m∗
∇2x −
αR
~
σypx + U [δ(x) + δ(x− lR)],(2)
where m∗ is the effective mass of electrons and σx, σy are
the Pauli matrices. The coefficients αD and αR express
the Dresselhaus and Rashba strengths, respectively. We
choose αD/R = 0 in leads, and αD/R 6= 0 in the mid-
dle SOC region. To model the elastic scattering that
usually occurs at the two interfaces between the leads
and the SOC region, we follow the previous work to
include a δ-function potential with the height of U , at
positions of x = 0 and lD/R [18, 19]. The parameters
lD and lR indicate the lengths of the Dresselhasu and
Rashba regions, respectively. A dimensionless parame-
ter z = (U/~)
√
2m∗/E is introduced to represent the
strength of the interfacial scattering, where E is the in-
cident electron energy. No spin-flip across the interfaces
is assumed in the calculation [18, 19].
The wave functions in the left (source) and right
(drain) leads can be written as Ψl(x) =
(
α
β
)
eik
M
x x +(
R1
R2
)
e−ik
M
x x and Ψr(x) =
(
T1
T2
)
eik
M
x x, respectively,
where kMx is the wave vector in the leads. The spinors(
α
β
)
,
(
R1
R2
)
, and
(
T1
T2
)
respectively represent the
spin states of the incident, reflective, and transmission
waves. The coefficients α, β are arbitrary complex num-
bers and satisfy |α|2 + |β|2 = 1. If the two coefficients
R1 and R2 in the reflective wave are known, the reflective
probability R can be obtained through R = |R1|
2+|R2|
2.
The spin state becomes
(
T1
T2
)
after being tuned by
the middle SOC interaction. The transmission coef-
ficient T of the outgoing wave can be obtained from
T = |T1|
2 + |T2|
2. According to the conservation of the
particle number, T + R = 1 is guaranteed in all the cal-
culations.
The degenerate up- and down-spin states at ±kMx in
electrodes (corresponding to the incident energy E) will
lift into four different wave vectors ±kx and ±k
′
x in the
middle region due to the SOC interaction. Therefore, the
up- and down-spin wave functions in the middle SOC re-
gion can be expanded with the four corresponding eigen-
spinors. The wave function in this region can be ex-
pressed as Ψmid =


∑
j=1−4
C(k jx)e
ikjxx
∑
j=1−4
D(k jx)e
ikjxx

 . At a fixed k jx,
the coefficient C(k jx) is related to D(k
j
x) by the eigen-
spinors for infinite SOC system. It is found that for
the two kinds of SOCs, the eigenspinors for the infi-
nite systems are different. There are four independent
coefficients to be determined in the SOC region. They
together with another four coefficients in the two leads
(R1, R2, T1, T2) can be solved by boundary conditions
at the two interfaces normal to x direction [20]. After
the equations are solved, we can get the spin states of
outgoing wave and establish the relations between the
incoming and the outgoing spin states by introducing a
transformation matrix G(2):(
T1
T2
)
= G(2)
(
α
β
)
. (3)
In Dresselhaus device, G(2) = T ·GD(2), and in Rashba
one, G(2) = T ·GR(2), where GD(2) and GR(2) are uni-
tary and unimodular matrices, describing the spin trans-
formation properties in Dresselhaus and Rashba units, re-
spectively. A possible global phase in the form of eiθ can
be neglected in GD(2) and GR(2), since the effect of the
global phase is not observable in quantum computation
[1]. To attain lossless qubit gates, the complete trans-
mission (T = 1) must be satisfied.
In the calculation, the effective mass m∗ is set as 0.04
me. The lengths of the SOC regions lD and lR, fixed at
200 nm, are restricted within ballistic region, i.e., lD and
lR are smaller than the phase-coherent length lφ, which
is in the range of 0.4-1.0 µm [21, 22, 23]). Ballistic sam-
ples with small dimensions are always desirable for future
electronic device applications. Fig. 2 shows the transmis-
sion coefficient for the Dresselhaus and Rashba units, in
which a moderate δ-potential is considered. Here we note
that if the corresponding parameters of these two geome-
tries are of the same values, the totally same results of
the transmission are obtained, which can be ascribed to
the same phase interference properties between the four
waves in the two kinds of SOC regions. Two bright cam-
ber areas corresponding to T ≃ 1 are clearly seen, within
which the geometry can serve as a lossless single-qubit
gate. The energy width corresponding to the total trans-
mission is about 0.5 meV (see the upper camber). It
decreases a little bit in the lower camber. This behavior
shows that the bias applied on the wires should be in lin-
ear region and within the magnitude of 0.5 meV to build
the lossless qubit gates. Between the two total transmis-
sion regions, there is a wide energy gap, in which the
transmission coefficient is too small to devise the logic
gates.
Except the SOC strength and the incident energy, the
3FIG. 2: Contour plots of the transmission coefficient T as a
function of the incident energy (E) and the SOC strength (αD
or αR).
height of the δ potential at the two interfaces also signifi-
cantly influences the transmission of the electron. Figure
3 provides the transmission coefficient as a function of
the SOC strength (αD or αR) under various magnitudes
of δ potential, where the incident energy is fixed at 18
meV. When αD/R = 0, the total transmission can only
occur at certain δ potential height z0 = 0.017. If z devi-
ates from z0 (either larger or smaller), the transmission
decreases, indicating that the resonant-like transmission
occurs between the two δ potentials with the height of
z0. When the potential barrier is fixed at z0, the to-
tal transmission is obtained in a wide range of Rashba
strength, which means a great number of logic gates can
be realized there. Increasing the height of the potential,
two narrower peaks corresponding to T ≃ 1 appear. In
practice case, we certainly hope to find the situation cor-
responding to the solid curve.
The spin transformation properties in Dresselhaus and
Rashba device units are found to be different: GD(2)
=
(
cos θD
2
i sin θD
2
i sin θD
2
cos θD
2
)
, GR(2) =
(
cos θR
2
sin θR
2
− sin θR
2
cos θR
2
)
,
where the parameters θD =
2m∗αDlD
~2
and θR =
2m∗αθlθ
~2
.
They express the rotation angles of spinors of electrons
after crossing the spin-orbital coupling regions. It is rea-
sonable that the rotation angle is proportional to the
strength of the SOC and the length of the SOC region[10].
Various qubit gates can be realized by the above two
device units. Clearly, the non-trivial NOT gate [1] can be
implemented through Dresselhaus device unit, if θD = pi
is satisfied at the base of T = 1. For example, if the
Dresselhaus device parameters are set as: lD = 200 nm,
E = 18 meV, z = 0.017, the NOT gate can be approxi-
mately obtained when αD ≃ 1.496×10
−11 eVm. Besides
-8 -6 -4 -2 0 2 4 6 8
0.0
0.2
0.4
0.6
0.8
1.0
 z=0.012    z=0.017
 z=0.022    z=0.027
 
 
T
D or R)   eV m)
FIG. 3: The transmission coefficient as a function of the SOC
strength (αD or αR). The incident energy E = 18 meV.
the NOT gate, another two unitary matrices 1√
2
(
1 i
i 1
)
and
(
cos(pi
8
) i sin(pi
8
)
i sin(pi
8
) cos(pi
8
)
)
can be realized in Dresselhaus
device by tuning the value of αD, and will play a criti-
cal role in devising the important phase and pi/8 gates,
which will be discussed in details later .
For Rashba device unit, if the spin rotation angle
θR =
pi
2
and T = 1, we can obtain the transformation
matrix of 1√
2
(
1 1
−1 1
)
. This is a pseudo-Hadamard
gate because it lacks the correct determinant (−1) of
genuine Hadamard. The similar conclusion has also been
drawn in quantum Rashba-type ring [7]. If the Rashba
device are modeled with the parameters: lR = 200 nm,
E = 18 meV, and z = 0.017, the pseudo-Hadamard can
be attained when αR is fixed at 7.482 × 10
−12 eV m.
Tuning αR to let θR = pi, we get the pseudo-NOT gate(
0 1
−1 0
)
. In addition, we find the identity matrix can
be realized with the condition of θR = 2pi. This means
that the Rashba effect can be totally ’cancelled’ and the
electrons can reach the right lead with its original spin
state unchanged.
The product of the pseudo-NOT gate and the NOT
gate gives the Z gate
(
1 0
0 −1
)
. This means that the
Z qubit gate can be implemented by connecting in series
one Rashba device unit with one Dresselhaus unit. Sim-
ilarly, the genuine Hadamard gate 1√
2
(
1 1
1 −1
)
[1] can
be achieved by connecting the pseudo-Hadamard gate
(made from the Rashba unit) with the NOT gate (made
from the Dresselhaus unit). We find the phase gate(
1 0
0 i
)
and the pi/8 gate
(
1 0
0 ei
pi
4
)
can be decomposed
4as: H · 1√
2
(
1 i
i 1
)
·H and H ·
(
cos(pi
8
) i sin(pi
8
)
i sin(pi
8
) cos(pi
8
)
)
·H
(H stands for the Hadamard gate), respectively. This
means that both of them can be realized by connect-
ing three Dresselhaus and two Rashba device units in
series with certain sequence. The Hadamard, phase, and
pi/8 gates constitute a universal set of single-logic gates,
based on which any single quantum gates can be built
to arbitrary precision [1]. A continuous phase gate(
ei
θD
2 0
0 e−i
θD
2
)
[1], decomposed as H · GD(2) · H , is
actually implemented by just varying the Dresselhaus
strength. This is a superior character compared with
the previous work [7], in which the phase gate is tuned
by changing the geometry angle.
In addition, from Fig. 3, we find that a ballistic spin-
tronic switch can be made by the Rashba device unit.
The near complete transmission at certain values of αR
corresponds to the “ON” of the switch. The near-zero
transmission is regared as “OFF”. Therefore, by tuning
the gate voltage [21], we can easily control the device to
be “ON” or “OFF”. Since the sample size is in the bal-
listic region with the length of 200 nm, it may be used in
future nano-sized electronic devices.
In conclusion, a theoretical scheme is presented for
realization of arbitrary single-qubit gates based on two
quasi-one-dimensional semiconductor wires with Dressel-
haus and Rashba interactions, separetely. All the single-
qubit gates would be realized possibly by using a series
of semiconductor nanowires with the same geometry and
lead connection, which simplifies the device manufactur-
ing and is in favor of large scale integration. In addition, a
ballistic spintronic switch is proposed, whose “ON” and
“OFF” can be tuned conveniently by varying external
electric field.
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